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Thermal Radiation from Solid Rocket
Plumes at High Altitude

JOHN E. FONTENOT JR.*
The Boeing Company, New Orleans, La.

Nomenclature
A . = cross-sectional area
C2 ' = second Planck constant = 8.49 X 10 ~2 ft-°R
F = engine thrust
7sp = specific impulse
L = effective thickness of particle cloud
Q = radiant-heat rate
T = temperature
V = volume fraction of particles in plume
W = weight fraction of particles in plume
Z = 0.57 LV.T/C*
c = specific heat
gc = gravitational constant
q = radiant-heat flux
r = plume radius
u = velocity • '
Weff = effective exhaust velocity
w = mass-flow rate
x = axial distance from nozzle exit plane
y = (r - re)
a. = absorption coefficient
e = emissivity
p = density
a = Stefan-Boltzman constant
T = mass per unit volume of plume
\l/"r — tetragamma function

Subscripts
nozzle exit plane
particle
axial distance from nozzle exit plane
total of gas and particle
wavelength

Introduction

THE use of aluminized solid-propellant rockets on large
boosters to provide for braking or ullage positioning

during staging results in radiant heating of adjacent structure
by the rocket exhaust. A method to predict heating from
such an exhaust is necessary so that adequate heating pro-
tection can be provided where needed. Morizumi and Car-
penter1 have recently provided a rather sophisticated ap-

Fig. 1 Physical model.
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p roach to this problem. A simpler approach, providing
easier estimation of heating rates, is presented here.

In an expansion from a nozzle into a near vacuum, the gas
static temperature and density outside the nozzle are quite
low. The result of the low gas density is a low gas emissivity,
and the combination of low gas temperature and emissivity
results in a negligible amount of gaseous radiation. For
the exhaust of an aluminized solid rocket into a near vacuum,
the total plume thermal radiation may be considered as
that due to the cloud of metallic-oxide particles.

In an actual rocket plume, the particles vary in size over
a considerable range, and their distribution and temperature
through a cross section of the plume are not uniform. How-
ever, for purposes of this analysis, the particles will be as-
sumed to be of a unique size and of a uniform distribution
and temperature. This assumption is justified on the basis
of material presented in the literature,1"3 where a particle
radius of 2ju is found to be a representative one. This will
be the unique particle size assumed in this analysis.

Analysis

Considering Fig. 1, the differential heat flux from the
particle cloud can be written as

dQx = -wpc dTPx (1)

The Stefan-Boltzman law gives

dq* = <T€P* T^ = dQ,/2rr,[l + (dr/dx)*]u>dx (2)

Combining Eqs. (1) and (2)

-dTPx = 2irrx(rePx[l + (dr/dx)*]"*dx
TV " wpc

Integrating this equation between the exit plane and any
point x in the plume gives

1 "*

The plume radius at any point can be expressed as rx =
re + y(x). Inserting this expression for rx into Eq. (3) gives

1 GTTO- * ~ f .
F—, + —— In (r« +wpc

(4)

In Ref. 4, the monochromatic emissivity of a particle cloud
is given as e\p = 1 — e~ax^L, where a\ is the monochromatic
absorption coefficient of the particle cloud. McAdams4

limits the application of this expression to semitransparent
flames. Its application to particle clouds of optical thick-
ness near one (the optical thickness of the exhaust plumes
considered herein) needs to be justified. Sato and Matsu-
moto6 used Eq. (4) to predict the emissivity of flames con-
taining soot particles of 2.87 JLI diam. The optical thicknesses
of these flames ranged from 0.35 to 1.24. The good agree-
ment between their theoretically predicted values and experi-
mentally determined values justifies their use of Eq. (4).
The agreement between the theoretical results obtained from
use of this equation and experimental data, discussed herein,
provides further justification.

An exact evaluation of a\ requires an expression dependent
upon both the wavelength and temperature. To simplify
the mathematics, it is assumed that the monochromatic
absorption coefficient, in the temperature and frequency range
of interest, can be written as a\ = 0.57/X.5'6 The final
justification for this assumption lies in the agreement be-
tween theoretical predictions and experimental results.
With this assumption, the monochromatic emissivity can
be written as e\p = 1 — e~°-57 yi/x. To obtain the total
particle emissivity, it is necessary to integrate over-all wave-
lengths. This integration yields5
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where Z = 0.57 VLTPx/C2. The tetragamma function
(15/7r4W"(Z + 1) was evaluated using Ref. 7 and is plotted
in Fig. 2 for Z = 0 to 2. To evaluate Z, both 7 and L are
needed. The volume fraction of particles in the cloud V
is given by the ratio of mass of particles per unit volume of
plume TP to the density of the particle material pp. But rp
is inversely proportional to the square of the plume radius
re + y, thus

V = (r,./pp)[r./(r. + y)P (6)

If the view direction is normal to the plume axis, then

L = 2(re + y) (7)

Substituting Eqs. (6) and (7) into the expression for Z gives

Z = 13.4 TPx(rpe/Pp)[re
2/(re + y)] (8)

The particle mass per unit volume of the plume at the nozzle
exit plane rPe can be approximated from the performance
characteristics of the rocket motor. Since

TPe = Wrte = W(Wt/A. t taff)

and Weff = gc LP and wt = F/IBPJ

Combining Eqs. (5), (8), and (9) and solving the resulting
equation simultaneously with Eq. (4) will permit an evalua-
tion of the particle cloud temperature and emissivity. Then
from Eq. (2), the radiant-heat flux from the plume, as a
function of x, can be evaluated, provided that wp, c, W, F,
^-e, /sp, pp, y, and TPe are known. To determine the heat flux
to any point, this value of dqx can then be used with the ap-
propriate shape factor.

The quantities W, F, Ae, and 7sp can be specified from the
characteristics of the motor and propellant. If the particles
are assumed solid, then c and pp are known from the proper-
ties of the particle material, and wp can be evaluated from
the expression wp = rpeAeuPe. To obtain values of upe,
TPe, and y, a two-phase supersonic-flow computer program
is necessary, such as the one discussed in Ref. 8. Lacking
a computer program of this type, approximations can be
made for Tpe and uPe from curves found in Ref. 9, if the
combustion-chamber conditions are close to those for the
nozzle studied in that reference. An approximation for y
can be obtained by using particle trajectories presented in
Ref. 1.

Experimental Verification

The method outlined in the preceding section was used to
determine the heat flux from the plumes of two rocket motors
tested at a simulated high altitude.10?11 The results of the
analytical method are compared to the experimental data in
Fig. 3. It can be seen that, in the case of the 37-in. rocket
motor, agreement is quite good. For the HPC motor, the
agreement near the nozzle exit is very good, but at a point
1 ft downstream serious disagreement exists.
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Fig. 2 Plot of the tetragamma function.

Fig. 3 Comparison of theoretical predictions with ex-
perimental data.

The nozzle exit conditions for the 37-in. rocket motor were
determined by use of the computer program discussed in
Ref. 8 and are thought to be known quite accurately. Since
no computer calculations were available for the HPC motor,
the nozzle exit conditions were approximated in the manner
discussed previously. This, however, is not an explanation
for the poor agreement between theory and experiment at
the downstream location. The large decay in heat flux ex-
hibited in the experimental data of Fig. 3 cannot be at-
tributed solely to radiant heat transfer. Provided that the
experimental data is accurate, the only plausible explanation
for this phenomenon seems to be an unaccounted for chemical
reaction.

Discussion of Particle Emissivity

In the analysis of Ref. 1, the particle emissivity appeared
as a parameter in the expression for cloud emissivity, whereas
in Eq. 5 the value of particle emissivity does not enter.
Morizumi and Carpenter found the particle emissivity, by
indirect means, to be between 0.25 and 0.30. To determine
the effective particle emissivity for the two rocket motors in
question, the optical thicknesses of the particle clouds were
calculated, and Fig. 4 of Ref. 1 was used to determine the
particle emissivity. The particle cloud emissivity was
calculated from Eq. 5. In both cases, the particle emissivity
turned out to be 0.35, which, although slightly higher than
Morizumi and Carpenter's value, agrees very well with the
curves for aluminum oxide emissivity given by Morizumi
and Carpenter.

A further comparison of the analysis of Ref. 1 with that
presented here reveals that the particle cloud emissivity, as
obtained in Ref. 1, is independent of particle temperature,
whereas Eq. (5) and Fig. 2 indicate that ep increases with
particle temperature. Since Morizumi and Carpenter used
a neutron scattering analogy to obtain cloud emissivity, the
particle temperature did not enter, except through the de-
pendence of the particle material emittance on temperature.
However, in the analysis presented here, it enters quite
naturally upon integration over all wavelengths. If a con-
stant diameter plume with particle temperatures between
2000° and 5000°R is considered, Morizumi and Carpenter's
approach predicts a constant value of emissivity, whereas
Eq. (5) predicts a slowly decaying emissivity due to radiant
heat transfer from the plume. The dependence or inde-
pendence of cloud emissivity upon particle temperature has
not been resolved experimentally at this time.
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Numerical Solution of Magnetohydro-
dynamic Stagnation-Point Flow

Equations

R. J. GRIBBEN*
University of Southampton, Southampton, England

IN a problem on the magnetohydrodynamic, axisymmetric
flow of a conducting fluid near a stagnation point recently

considered by the writer,3 similarity solutions of the Navier-
Stokes and Maxwell equations are obtained from the solu-
tion of the ordinary differential equations

(FF/f/2) - ±(F'Z - 1) =
H" + eFH' = 0

(1)
(2)

satisfying F(0) = F'(0) = #(0) = 0; F'(oo) = ff(co) = l.
The stream function and magnetic field are effectively F and
H, and ft and c are parameters defined in Ref. 3.

In the present note we describe a method of solving this
coupled system of equations by successive approximations
based on a method given by Weyl5 for the nonmagnetic case.
Weyl replaced the equation corresponding to (1) for F by an
integral equation for F", then approximated F" in the in-
tegrand. We extend this idea to include (2) and choose for
the initial approximation an especially simple form for F.
Recently, Davies1'2 has applied a similar but rather more
sophisticated process on a similar pair of equations.

Instead of (1) and (2) we consider the equivalent system,

F* + FF'" - 4/3HH'
H" + = 0

(3)

(4)

satisfying

F(0) = F'(0) = tf (0) = 0
= -i - 2/3 F'(«>) =
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For F known, (4) can be solved to yield

where

ds

Following Weyl, we integrate (3) twice to produce the inte-
gral equation

X

u(u - vYG(v)dv dt ds (5)

for F"(f) = G(£). The case ft = 0 gives the integral equa-
tion discussed by Weyl apart from a trivial modification in F
and f. For a given approximation Gn, (5) determines the
next approximation Gn+i. However, here we choose to
formulate the successive approximation scheme by means of
the equations

+ = ±/3HnHn'

+ eFnH'n = 0

(6)

(7)

satisfying
Fn+i(0) = Fi+i(0) =

= -i - 2/5

= 0

This is equivalent to the Weyl scheme but allows us to use,
for our initial approximation, the function FI = cf , f being
the independent variable. Equation (7) then yields HI, (6)
yields FZj and so on. The constant c is chosen so that all
the boundary conditions are satisfied by HI and Fz, and in
addition F2"( oo ) = 0. We find

and, on integrating (6) three times (see Appendix),

(8)

The boundary conditions #i(0) = 0, J?i(c») = 1, F2'"(0) =
- i - 2/3, F2"( oo) = 0, and F2'(0) = 0 are all satisfied, and c
is now determined by the equation F%( °o) = 1, after which a
further integration yields F2(f), on applying the condition
jF2(0) = 0. After integrating (8) by parts and some manipu-
lation we find c = ^. Note that c is independent of ft and e
so that HI is known once and for all as an error function,
Hi = erf(e1/2r/2)/®!, where

erfa = e "2 du

The writer had two exact solutions of (1) and (2), cor-
responding to /3 = 0, H = 0, the well-known Homann solu-
tion (see, e.g., Ref. 4), and ft = 1, e = -^ (see Ref. 3). In


